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CURVATURE MEASURES AND CHERN CLASSES
OF SINGULAR VARIETIES

JOSEPH H. G. FU

The aim of the present article is to show how the approach of [8]
to studying the curvature measures of a singular space yields a natural
geometric treatment of the theory of Chern homology classes of singular
complex analytic varieties. These classes were first considered by M. H.
Schwartz [0], but were neglected at the time. Deligne and Grothendieck
later introduced axioms for a conjectural theory of Chern homology classes
for singular varieties. MacPherson then constructed classes fulfilling these
axioms in the seminal paper [16]. Subsequent to MacPherson’s work, it
was shown by Brylinski, Dubson, and Kashiwara [2] that the MacPherson
Chern classes of a singular variety X admit a simple expression involving
the characteristic cycle of X from the theory of D-modules. Up to this
point, however, a complete treatment of the properties of these classes has
rested upon the somewhat indirect approach of [16]. In the meantime,
we independently constructed the characteristic cycle of Kashiwara by .di-
rect geometric means [8]. The geometric insight from our construction
allows us to give a direct and intuitively appealing proof of the Deligne-
Grothendieck axioms, which is what we present in these pages.

The advantages of our method over that of [16] are twofold. First, the
key covariance axiom of Deligne-Grothendieck for morphisms f: X — ¥
of varieties was established only indirectly for singular varieties X , using
Hironaka’s formidable resolution theorem. Owur treatment, on the other
hand, works with the singular varieties directly, without mention of res-
olutions. (We have, however, no proof of uniqueness for the Deligne-
Grothendieck axioms apart from the original obvious argument using res-
olution.) Second, certain key coefficients associated to the strata of singular
X are in [16] computed somewhat circuitously: viz. by initially defining a
certain natural transformation 7" using a topological “Euler obstruction”,
and then inverting T . The Euler obstruction never enters the treatment of
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the present paper; in fact the crucial role of this invariant in [16] in verify-
ing the key push-forward axiom (C3 below) is taken up here by a far more
elementary and intuitive result, namely the Gauss-Bonnet theorem. That
our classes agree with those of [16] follows from uniqueness; however, we
outline in the final section of this paper some ideas for a direct proof.

Our definition of the MacPherson Chern classes is formally identical
with that of [2]. However, the connection with [16] is there made by
showing the formal correspondence between MacPherson’s Euler obstruc-
tion ana Kashiwara’s definition of the characteristic cycle. In other words,
[2] does not offer any new insight into the fundamental theory of [16]. It is
interesting also to observe that the basic definition at the bottom of p. 575
of [2] requires some explicit choices of signs that need not be made from
our point of view; cf. the lemma of 2.1 below for a possible explanation
of this divergence.

Our original motivation for studying these ideas was to understand the
curvature of a space with singularities. In [8] this problem is treated in de-
tail. From this point of view, our treatment of Chern classes corresponds to
the classical identification of characteristic classes with differential forms
arising from polynomials in the curvature tensor. Thus the cycles that we
define live in the world of currents, dual to the differential forms. These
currents coincide with those identified by Shifrin [19].

Let us now introduce. the basic terms of our discussion. Let M be a
complex analytic manifold, and X C M a closed subanalytic set. The
conormal cycle N*(X) is an integral current in the cosphere bundle S*M
of m, coinciding with integration over the conormal sphere bundle to X if
X is smooth; its construction is outlined in 1.1 below. The conormal cycle
corresponds precisely to Kashiwara’s characteristic cycle, by 4.7 of [8]. We
will identify “universal” differential forms £, 9,, 7, -~ on S"M such
that if X is a complex subvariety of M , then the total MacPherson Chern -
homology class ¢,(X) is represented by the current 7 (N" (X)L BA7,),
where 7 is SM — M is the projection. The Deligne-Grothendieck
axioms now take the following form:

Cl. If X is smooth, then ¢,(X) is the Poincaré dual of the total Chern
cohomology class of X .

C2. If Y c M is a second compact subvariety, then & (X UY) =
i (X)y+i e (Y)—ic (XNY), where i, denotes the various maps in
homology induced by the inclusions into X UY .

C3. If f: X -» N is an analytic morphism onto a proper analytic
subvariety of the complex manifold N, then
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fe(X) =) _ne, (Y,
: i
where n;, € Z and the Y, C N are analytic subvarieties such that

Sonly (@) =x(f" @)

The plan of the paper is as follows. Section 1 gives a quick survey,
without proofs, of the theory of the conormal cycle developed in [8]. The
property C2 follows at once from this general theory. Section 2 identifies
the differential forms y,, and proves C1. Sections 3 and 4 are the body
of the paper, devoted to the proof of C3 for f: M D> X — N. In these
sections we work on the graph of f C M x N, using its conormal cycle
together with pullbacks of the universal forms p; associated to M and N.
More precisely, we construct in §3 explicit homologies between the images
on graph f of the currents ¢, (X) and >, (Y;) for certain ¥, C N
and n; € Z. In §4 we use the Gauss-Bonnet theorem to verify that these
n;, Y, satisfy Enil,,'_ =xf_1.

!

0. Background
0.0. Notation. Given a smooth manifold M , the algebra of all differ-
ential forms on M is denoted &*(M); the subalgebra consisting of those
forms with compact support is 2" (M) . Typically, we will use the same
symbol for a form and for its pullback. If M is a complex manifold,
then we have the operations d, d‘: & (M) — & *+1(M), given in local
coordinates by their action on functions:

8 of .
df=25—zj:idzi+57£idzi,

¢, af of
df—- Zgz—idzi aEidZi.
Given a submanifold ¥ with a canonical orientation, the current de-
fined by integration over it will be denoted by [V]. If & is a bundle with
fiber F and total space E over M, and F is canonically oriented, then
we define an injection of the currents on A into the currents on E by

T Txg[Fl: =9¢,(T x[F])

if T is supported in a trivializing patch of the bundle with chart ¢ , and
extend by linearity using a partition of unity.
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This paper is full of commuting canonical maps (“projections”) between
spaces. Rather than giving a name to each map, it seems less confusing
to adopt the following practice: Any such map M — N will be denoted
by 7, . With this notation we have n, oz, = @, , etc., even though the
symbol 7, denotes different maps with different domains on the right and
on the left. This convention is superseded by any other explicit labelling
scheme; usually these will be confined to small arguments within the text.

The technical foundation of the argument of this paper is the theory
of integral and normal currents of Federer and Fleming (cf. Federer [6,
Chapter 4]), and its specialization to the semianalytic case due to Hardt
[12]. Our notation will be consistent with that of [6], except that we will
denote pullback under a map f by the symbol f* rather than Federer’s
f# . The symbol f, will denote the derivative of f.

Other frequently used notation from the theory of currents includes: (i)
TL ¢ for the restriction of a current T by a form ¢ . Thus (TL ¢)(y) =
T(p Aw). If T is representable by integration and U is a set, then we
may write also 7L U for the restriction of T to U; cf. [6, 4.1.7]. (ii)
(T, f, x) for the slice of a current T by a Lipschitz function f at the
value x [6, §4.3]. Thus if T is given by integration over an oriented
smooth manifold M, f is a smooth map into an oriented manifold, and
x is a regular value of f, then (T, f, x) is given by integration over
Mnf 1(x) , with an orientation induced by f.

0.1. Let us also prove the following basic lemma.

Lemma (Residue theorem). Let V C C™ be an irreducible complex
analytic variety, and let ¢: C™ — C be a holomorphic function such that
Ve (/)_1(0) . Then the expression

T :=[V]L 2av=1)""d" logle|’
defines a locally normal current in G™ , with
oT =Y n W],

where W, are irreducible components of 9~ (0)NV , and n, € Z.

If (/)"1(0) does not contain any irreducible component of the variety
of singular points of V, and d(¢|S)(x) # 0 for any regular point x €
V0o~ (0), then

T =[V N (0)].

Proof. Consider the map y: V — ¢~} (0) > C" x §*,
y(p) = (2, 9(2)/10(2)| ).
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Then the closure of the image of y is the real analytic subvariety
Vi={,e"):pev, Imppe ") =0}
cC" xS,
The varie}vy V inherits an orientation from ¥ so that the corresponding
current [V'] satisfies

memgV1=[V1,
V1L (p~'(0)x S") =0,
spta[V1c (Ve '(0) x S'.

In fact, [6, 4.2.28] implies that [17] is a locally integral current in C” x.§ ! ,
and invoking the support theorem (4.1.20, op. cite.) we may characterize
its boundary as

oV1=> nW]x[S']
for some integers n;, where the W, are the irreducible components of
Ve H0).
Now we observe that
Qrv=1)"'d 1og ||V
=(2m) " 'y" 5 do
and
Ten((22V=1)"'d"log|p)|(V — 9 (0) x S1))
= (2m) 'mg dO\(V — (97 (0) x S1).
Thus
T := nomy (V1L 21) 7" d6) = [V1L 2nv=1) "' dlog ||
is well-defined and normal, with boundary
8T = memy (V1L (21) ' d6)
= Tgny (Zn. [W]x[S') L 2r)™" do)

=Y n[W)

To prove the second assertion, we observe that under the add1t10na1
hypothesis we have :

dimg (¢~ (0) Nsing V) < dimd T - 2,
so the support theorem implies that
8T =0T L (V —sing V).
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Let pe (V —singV )N (0—1(0) , and let Z be a neighborhood of p in V-
sing V suchthat ¢ = ¢, ,--- , ¢, form a holomorphic coordinate system
&% -t , k:=dim V. Then we have a commutative diagram

" xS'>¥Y — ¥

9
(__
o
(__

@]

CxS'xC*15CxcF! — oxcF!
where
C={(z, em) eCxS':Imze =0}
={(z, z/lz): z€C, z#0}U{0} x S",
AIC x 1= [0] x [S"] x [C* 7'}
Since ®,[#]=[C x C* '] ®#), we obtain

T L% =, (0[#1L (2r)”" db)
=@, 'y, o1, (81C x €L (27) 7' d0)
=, ([01x [C"7'))
=% e (O]

1. The conormal cycle of a subanalytic set

Let M be an oriented real analytic manifold of dimension m. Let
T*M denote the cotangent bundle of M , with projection n: T"M — M ;
let S*M denote the cotangent ray space S"M: T*M-(zero — section)/ ~
where & ~ n if & = tn for some ¢t > 0. The space S"M is a contact
manifold in a natural way, with contact ideal 4 = (6" a) where ¢: S"M —
T"M is a section and « is the canonical 1-form of T"M .

Let X ¢ M be a closed subanalytic set. There is then a naturally
associated subanalytic integral current N*(X) €I _ (S"X) that is closed
(N"(X) =0) and Legendrian (N"(X)(p) =0 for ¢ € A). The details of
the construction and uniqueness of N*(X) are given in [8]. The present
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section is devoted to describing, without proof, those properties of N*(X)
relevant to the construction of the Chern-MacPherson homology classes of
a complex analytic variety X .

1.1. let f: M — R be a locally Lipschitzian subanalytic function.
According to Fu [7], there is a unique integral current [df] € 1, (T" M)
satisfying the conditions:

dldf1=0=[df]1_ w,
where @ is the symplectic 2-form of 7°M ,

n|spt[df] is proper,

(1.1a) and .
MﬂWAne)=/(¢wU%6
M

for any compactly supported m-form ¢ on M and any
smooth function ¢: T"M — R.

Here n is the projection of the cotangent bundle 7M. The support of
[df] satisfies

(1.1b) spt[df] C graphd f,
where & f is the generalized differential of Clarke [5]. Furthermore,

a(dALn*f)=—~[df]c.

Let v denote the natural projection from 7*M-(zero section) — S*M .
From the support relation above, the general facts about subanalytic sets, it
follows that for any.compact X C M , the set f(spt[df] N (zero-section) N
N K )) is finite. In particular, v,([df], n"f, r) is well-defined for all
but a countable set of r.

Theorem. Let f, g: M — R be locally Lipschitzian, subanalytic and
nonnegative, with f"l(O) = g_l(O) =X. Then

limv,([df], n"f, r) =limv,(ldg], n"g. 1),

where the limits are taken in the flat metric topology.

Thus we may put N*(X) equal to any such limiting current. The closed-
ness and Legendrian character of N*(X) follow from the properties of
[df] above. Observe that if X is a real analytic subvariety of M, then
this construction has a particularly appealing form. Working locally we
may assume that X is contained in an open subset U of R™, with

X =0,
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where the f; are real analytic functionson U. Then, putting g := | fil2 ,
we have g >0, X = g~1(0) ,and

N(X) =lim N"(g7'[0, 1),

where the conormal cycle on the right is integration over the usual conor-
mal manifold to the smooth body g_l[O , r].
The operation X — N*(X) is additive in the sense that

N (XUY)=N'(X)+N(Y)-N(XnY)

for any closed subanalytic X, Y c M. It follows that if we identify
X with its characteristic function 1, then N* may be extended to a
homomorphism of abelian groups

N™: Constr(M) = 1,_ (S"M),

where the group Constr(M) is the group of “subanalytic constructible
functions” generated by the characteristic functions of closed subanalytic
subsets of M .

1.2. Now suppose that M is endowed with a smooth Riemannian
metric, and let ©Q denote the Chern-Gauss-Bonnet form of the metric.
We say that an (m — 1)-form I1 on S*M is a transgression if

dll = —2'Q, / =1,
27 (x)

where n—l(X ) is any fiber of S*M — M, oriented canonically following
the orientation of M .
Gauss-Bonnet Theorem. If X Cc M is subanalytic and compact, then

N*(X)(IT) + /X Q= (%),

the Euler characteristic of X .

1.3. Given a smooth submanifold S ¢ M, welet v*S c $*M denote
the image of the usual conormal bundle of §.

Proposition A, There is a stratification ¥ of X such that

spt N*(X) c{ J{v'S: s e 7).

If M is a complex manifold, and X is a holomorphic subvariety, then %
may be chosen so that each S, S € %, is again a holomorphic subvariety.
For the rest of this section we let .5 be such a stratification.
Now let ¢: M — R be analytic, and suppose that r is a regular
value of ¢|S for each § € . The next two propositions imply that
N* (XN '(—oc0, r]) is determined by its restriction to n_lq)_l(—-oo , 1),
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Given a cone C C T M, put
. DualC:={€€S;M: (¢,v)<O0forallv e C}.
Proposition B. If ¢p(x)=r and x € S € &, then
SPtN* (XN (=00, r) N7~ ' (x) C Dual Tan(S N ¢~ '(—o0, ], x)).

Proposition B has the following converse.
Proposition C. Suppose that dim X < m. Then there is no closed
nonzero flat chain of dimension (m — 1) with support in

U U Dual Tan(Sﬂ(p_l(—oo, r], x).
S€X xesnp™\(r)

Corollary. N*(X N ¢~ '(—o0, r]) is the unique cycle Q such that

spH(Q — (N" (X)L 9™ (=00, 7))
C U U Dual Tan(S N (a_l(—oo , ], x).
S€Z xesng™'(r)

It will be convenient in the following pages to define N*(X) for any
locally closed subanalytic subset X C M . For this it is sufficient to write;
when U isopenand X NU isclosedin U,

N'X) Lzl U)=N"XnU),

where X is considered as a subset of U on the right-hand side; and
N* (X)L 7 ' (K)=0 whenever KNX =0.

1.31 . Theorem. Let X C M be subanalytic, and let ¢: M — R be a
subanalytic function. Then for any r € R,

lim N Xng (=00, s) =N (X ng (=00, r)).

By Gauss-Bonnet we have therefore:
Corollary. If X is compact, then

lim g(X N ¢~ (=00, s)) = (X N~ (=00, .

1.4. Now we specialize to the case where M is a complex analytic
manifold of complex dimension m,and X C M is a holomorphic subva-
riety. Using Proposition 1.3A, the conormal cycle N*(X) € I, _,(S"M)
can be reduced to a projectivized cycle PN*(X) € I, _,(P*M) (where
P*M is the projectivized cotangent bundle of m) in the following way.

The spaces T°M and P*M each carry a natural complex structure,
in such a way that if ¥V C M is a holomorphic subvariety of M, then
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the conormal bundle 7*(V) C T"V is a holomorphic subvariety of TV,
and such that the projection T"V — (zero-section) — P*V is holomorphic.
Given a smooth Hermitian norm || || on T*M , we put

h:T'V SR, @)=l

Then (2nv/—1)"'d“logh =: B’ is a real-valued 1-form on T*M-(zero-sec-
tion), and it is not hard to see that there is a 1-form # on S*M such that
B =ngpy,B.

Let # denote the Hopf bundle S*M — P* M , with fibers S’ which are
canonically oriented by the requirement that 8 — e’ef be an orientation
preserving map P — n,;l(n +(¢)) foreach £ € S* M . With this orientation
we have fn;(q) B=1for neP'M.

Proposition 1.3A, together with the constancy Theorem [6, 4.1.7], im-
plies that

(1.4a) PN™(X) 1= Ty (N (X) L B)

is an integral current of dimension 2m — 2 in P*M . An inverse formula
is

(1.4b) N*(X) =PN*(X) x, [S'].

Since 0 = AN*(X) = OPN*(X)x 4 [S'], it follows that PN*(X) is closed.
1.5. Proposition 1.3A and the constancy theorem imply that there are
integers n(S), S €.%, such that

(1.5a) PN™(X) = Y_ n(S)PN(S).
Se&

Since the supports of the PN"(S) are holomorphic subvarieties of P*M,
this is a holomorphic cycle. Furthermore, PN*(X) is legendrian, in the
following sense. Let o be a local section of T*M-(zero) — P*M , and
consider the ideal 4 of differential forms on P*M generated by o', o”,
where

(@' (n), v} =Relo(n); m,-v),

(@’ (n), v) = Im{a (1), 7p;0)

for any v € Tq(]P’*M ). Clearly this ideal does not depend on the choice
of 0. We have :

PN (X)(¢) = ) _n(S)PN"(S)(p) =0 .
forany ¢ € 4.
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The preceding discussion has a converse.

Proposition A. Given any holomiorphic, Legendrian cycle T €
IZm_z(]P’*M ), there are locally finite family {Y,,Y,, -} of holomorphic
subvarieties of M , and integers n,, n,, --- such that T =3 n,PN*(Y,).

Proof. Let V, V,, -+ be the irreducible components of spt7, and
put Y; := m, (V) to be the image variety in M, with regular locus
Yi0 := Y, —singY,. Since the V, are Legendrian and irreducible, we have
V,= ]P’u*(YiO) , i=1,2,--., and so by the constancy theorem there are
integers m,, m,, --- such that

T=Y mPN'(Y))=Y +m[V].

Clearly each PN™( Yio) is a cycle: for sptdPN™( Yio) ¢z~ '(sing Y)nv;,
which is a proper subvariety of ¥, and so has real codimension > 2 in V;
therefore BIP’N*(Yio) =0 by [6, 4.1.20]. Let Yi, , Yi2 , -+~ be the varieties
of maximal dimension k among the Y,. Then by Proposition 1.3A,

T, Spt (T - Z mij]P’N*(Yij)) C U Y. u Using(Yij) ;
j dim Y;<k j
since PN *(Yio) =PN*(Y,) L n;;(Yio) . Our assertion now follows by in-
duction on k.

1.6. Finally, we note that the coeflicients in the expansion (1.5a) are
independent of the embedding X — M . This is most readily seen via
the following result from [8]. Let ¢: S*M — T*M be a section, and
put Y S*M x [0, 00) = T*M by Y (&, t) = ta(¢). Define N*(x) :=
Y 4(N"(x) x [[0, 0)]), and note that this does not depend on the choice
of o.

Proposition. If X and Y are subanalytic subsets of the real analytic
manifold M and N, respectively, then
N (X xY)=N"(X) x N(Y),

where we identify T"(M x N~ T*M xT'N .
Corollary. If f: ; X — N is an analytic isomorphism into a complex
manifold N with dim X < dim N, and (1.5a) holds, then

PN (f(X)) = ) n(S)PN(f(S)).
Se”

Proof. Given_ p € X,thereisa neighborhood Uc M of P and an an-
alytic mapping f: U — N such that f|X = f|U (this can be taken as the
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definition of an analytic morphism X — N ; cf. Shafarevich [18, 1.2.3]).
Choosing local coordinates in C™"" for M x N about the point (p, f(p))
so that graph f becomes C” x {0}, we may apply the Proposition above
(with Y = point) to obtain the identity of currents in P*(M x N):

PN’ (graph(f)) = } _ n(S)PN"(graph(1S)).
Ses&

Applying the same process to f _1:’ f(X) - X and the stratification
{f(8): § € &} now gives the desired result.

2. Canonical forms on S*M and P*M

The definition of the characteristic homology classes of X c M will be

of the form" '
8(X) = Ty BN (X) L7,

where the y, are certain “universal” differential forms on P*M. The
proof that the homology classes of these closed currents satisfy the desired
transformation law will depend on the algebraic properties of these forms.

2.1. We have introduced the 1-form 8 on $*M in the previous sec-
tion. Since the tautological line bundle &;., (—1) over P*M is holomor-
phic, it follows from Chern [4, §6] and the definition of f that thereis a
closed 2-form { on P*M representing the Chern class —¢, (G-, (1)) =
¢,(@p= (1)), such that

dp =mngL.

A fundamental identity from the theory of Chern classes states that if E
is a complex vector bundle of rank r over aspace X and { =, (@(1)) €
H 2(]P’E) , then the Chern classes ¢,(E) € H 2(X ) satisfy the relation

(2.1y) Zr: U uc(E)=0

i=0

in H*(PE) (cf. Grothendieck [11] for a treatment of Chern classes based
on this identity, or Fulton [9, 3.1.24]). This implies that

. -1
(2.1z) c.(E) = {7[* (E c")] ,
k>0

where 7,: H*(PE) — H*"2""D(X) is integration along the fiber. In par-
ticular, if we let ¢ (T°M), --- , ¢, (T"M) denote fixed choices of dif-
ferential forms on M representing the Chern cohomology classes of the
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cotangent bundle 7°M , then we have the fundamental relation
(2.1a) e (T M)A 4 he (TPM) = dt

for some (2m — 1)-form 7 on P*M .

Suppose for the moment that X C M is a smooth subvariety, with
conormal bundle v*(X). Let n,: &*(P*M) — & 2m~4mI=D ) pe
the operation of integration along the fibers of the projectivized bundle
Pv*(X) c P°M . Now (2.1z) implies that the total Chern class of v*(X)
is represented by the differential form

-]

The Whitney sum formula yields at once a formula for the Chern class of
the cotangent bundle of X :

c,(T"X)=m, (Zc) Ae (T M).

r>0

Thus we define the forms y, on P*M by expanding

(Z C') Ar'c (T M) =Z(——1)m_kyk, degy, =2(m—k—1).
x

r>0
(Observe that the index & may be negative.) Computing the Chern classes
of X itself,
¢;(X) =c,(TX) = (=1)¢;(T"X)

. i dim X
=(_1)J7z*((_1)m+1 " ydimX—j)

—dim X
= (D™ i -

Lemma. If X is smooth, then
PN"(X) = (-1) [Pv™ (X))

Proof. Applying a change of variable and Proposition 1.6, it is enough
to see this for X = {0} ¢ M = C, which case is obvious.
Now we may express the currents dual to the forms cj(X ) by

m—dim X

[X]L ¢ (TX) = (-1)" 4%, ([]P’V*(X)] Ly yk)
k

=, (PN*(X) LS yk) .
k

(2.1b)
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Example. If M = P” then formula (2.1b) reduces to a classical for-
mula of Todd.

The projectivized contangent space P*P” embeds canonically as a sub-
variety of P” x P™+ . Let w and & denote the Kihler forms of P” and
P™ respectively. Then '

- =+ a,
(TP = Y (-1 (’"“) o,
'"Zkl( D (]+k+1) o A MR

In particular,
m

y_ =2 (D' ne™
. j=0

That this form is exact in P*P” may be seen as follows. If P™ is equipped
with its invariant Hermitian metric, then this induces an anti-holomorphic
diffeomorphism P™ ~ P™ . Thus we may identify P™ xP™ with P™ xP™ .
The cohomology class of P x P™+ that is Poincaré dual to the diagonal
A c P" x P” is easily seen to contain the form ?_, - Since the image of
P'P" — P” x P — P™ x P™ is obviously disjoint from A, the claim
follows.

It is worthwhile to note that y_, is not identically zero if m > 1.

2.2. The currents of (2.1b) may also be written, using (1.4a), as
7, (N*(X)L B Ay,). Thus it is useful to compute

d(BAY ()" Fy) =AY ()"
=CA (Z c") A (T*M)

k>0

(Z c") Ae(T*M) —c,(T"M)

k>0
=S (=1)"Fp — e (T M).
Comparing elements of the same degrees, we obtain

d(BAY) =LAy, = -y, modm, (& (M),

2.2a
( ) k=1,---,m-1,
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and
1 *
(2.2b) dBAyy)=—y_, +(=D" ¢ (T"M) = —y_, — ¢, (TM).

Choosing ¢,,(TM) to be the Gauss-Bonnet-Chern form 2 and noting
that

p = ()" e (TTMYA™ + e (TP M) = (1) dr
by (2.1a), we have
(2.2¢) dBNy) =LAy =-Q+(-1)"dr.

It is important to recall here that 1 is the pullback of a form from P*Af.
Finally, we use this last relation to identify the transgression

(2.2d) =B Ay + (-1)" .

2.3. Now we can state our main result.

Theorem. Given a compact analytic variety X embedded in a smooth
analytic manifold M, the Chern-MacPherson homology classes of X are
represented by the currents m,. (PN" (X)L y,), k=0,--- ,m—1.

This theorem will be proved by direct verification of the axioms C1-3
of the Introduction. We have already shown in (2.1b) that C1 holds, and
the final remark of 1.1 implies C2. To establish C3 we prove the following.

Let N be a second complex manifold, and f: X — N an analytic
morphism with dim f(X) < dim N. We denote the canonical forms on
P'M and S*M by Greek letters (8,7, (,---) as above, and use the
corresponding Roman letters (b, g, z, ---) for the corresponding forms
on P'N and S*'N.

Theorem. There are holomorphic varieties Y,, --- , Y, C N and inte-
gers ny, - , n, such that
(2.3a) xf—l(q) =Z”ilyi(‘1) foreachqe N,
and
(2.3b) for each k > 0, the current

SiTp@NT(X) L) ~ ZninN#(PN*(Yi) L&)

is a boundary in f(X).

Remark. Our expression for the Chern-MacPherson classes has the
same form as those of [16] and [2], that is, as a weighted sum of Chern-
Mather classes of strata. To see this, simply recall the decomposition (1.5a)
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and note that the Chern-Mather class of a variety X with top stratum S
is the homology class of 3, 7, (PN™(Sy) L v,).

3. Proof of (2.3b)

The graph I' C M x N of f is a holomorphic subvariety, hence its pro-
jectivized conormal cycle PN*(I') € I, , +2"_2(1[”*(M x N)) is a holomor-
phic current supported on the subvariety v C P*(M x N). Let & bea
Whitney stratification of X asin 1.4, with PN*(X) = Pses @ a(S)PN*(S),
a(S) € Z. By the corollary of 1.6, we have also

(3.1z) PN'(T) = Y a(S)PN((id, /)(S)).
se;’
Observe that there are naturally embedded copies of M x P*N and
P*M x N within P*(M x N), and canonical “rational mappings”

Mgyt B(M x N) =M xP'N - P'M,
Tpey: P°(M x N) —~P"M x N - P'N.

Let P denote the blow-up of P* (M x N) over the union of the subvarieties
M xP*N and P*M x N. Then P is a smooth complex manifold, and
there are projections of all of P to P*M and P*N such that the following
diagram commutes, where o is the blowing down map:

(3.1a) / l \

PMe — _P'(MxN) — — 5PN
The subvarieties E; := a*l(]P’ MxN), E =0 (Mx]P’ N) are complex

hypersurfaces in P, each isomorphic to P*M x.P*N via the projections
of (3.1a).

The set a”(yr) is a subvariety of P. Thus we may choose coeffi-
cients for its irreducible components to construct a holomorphic current

PN*(I) e 1 ama2n— 2(P) such that
(3.1b) o,PN" () =PN*(I), PN*(I)L (E,UE,)=0.

It is clear that these conditions determine PN™(I'); this current is called
the proper transform of PN*(I').

Observe finally that the pullbacks to P of the forms ¥;» §; are every-
where-defined, smooth, and closed.
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3.2. Let hy, h, be Hermitian metric functions on T°M, T*N re-
spectively (i.e., #,(&) = [|]*). Inside T"(M x N) = T*M x T*N there
are canonically embedded copies of T°M x N =k '(0) and M x T*N =
hy '(0) corresponding to the inclusions P*M x N, M xP*N < P*(M x N)
above. It will be convenient to identify the deleted spaces

P*(M x N)Y:=P* (M x N)— (P°M x NUM x P*N),
* 0 -1 * 0 )
S(MxN) = e a ) (P (M xN?))
=S"(MxN)—(S"MxNUM xS'N),
* 0 -1 * 0
T (M xN) := nS‘(MxN)(S (M x N)")
=T"(MxN)—(T"M x NUM x T"N).

It is easily seen that the ratio 4, - hl_»l is the pullback to 77 (M x N )0

of a positive function p: P*(M x N)° - R. Put

= (2nv=1) 'dlogp,
and observe that the pullback to S*(M x N )O may be expressed (cf. 1.4)
(3.2z) B=pg-b.
Thus we have the equality of the forms on P*(M x N)°
(3.2a) dB={-z.

Our immediate goal is to show that the expression PN™(I')L_B defines a
normal current, in the sense of Federer and Fleming, despite the singularity
of B along P*M x NUM x P*N . We want also to evaluate its boundary.
To accomplish these we recall that

PN"(y) L B = g,(PN"(I) L B),

(3.2b) \ -,
8(PN*(y) L B) = 6,0(PN"(T) L B)

and work in the blow-up P. We observe that although the pullback to P
of B remains singular, the singularity is quite mild.

3.3. Lemma. Given any point p € E; (resp., E,), thereis a nezghbor—
hood U of p in P and a holomorphic function ¢: U — C such that

(a) dp #0 in U,

(b) 9~ (0)=E,nU (resp., E,NU), and

(c) p|q;|2 (resp. p|¢|_2) is smooth and nowhere zero in U .
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“Proof. Since this is a local statement, we can assume that M = C”
and' N = C", so that
P*M = Cm % Pm—l' ,
P’N=C"xP"",
P*(M x N) = M ]P,m+n—1' ,
where the last projective factor is naturally identified with the complex
join of the previous two: ‘

m+n—1" m—1" n—1*
P =P XC]P’ .

In other words, if [, , -+ , 5 ] and [#,,--- , n,] are holomorphic homo-
geneous coordinates for P~ and P*~ r respectively, then [&,, -+ , &
n,,-+ ,n,] are holomorphic homogeneous coordinates for P "~ "

The space P may be realized as C™*" x Q, where Q is the blow-up of

P! over the subvarieties P™' , P*"! . Thus

= {(&; 0], €, (rD: €. 8 eC™ s m, o e’
E£0£n; &, m)#0; EAE =0=nA7}
c ]P,m+n—1' % ]P,m—l' % Pn_l‘.
We may assume that the point p € E, = C™™" x {([¢; 7], €1, 7)) €
Q"?=0} is (0’[1a05 aO,Oa aO]’ [1a0a ’0]’ [1,0, 30])
€ C™" x Q. Then we put
U:=C™" x {(&; 1], [€'], n']) € Q: claeo n; # 0},
and define ¢: U — C by

o(q; 15 n), €], (1) =n& .

Hence conclusions (a) and (b) are immediate. To prove (c), we express
the function p in these coordinates as

p@, &5 [E1, 1) = (€, €)p g (15 Mgy

where the 7; are the projections of C™*" into C™ and C", and multiply
this expression by |¢|?, to obtain

5 T -1 -1 ,—1
1912 = €1 €, & Qa1 Mg

-1 -1 —1 1 r—1_ -1
= &8 S Mg
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which is clearly smooth and nonzero in U. The method for p € E| is
similar. q.e.d.

From the residue theorem (Lemma 0.1) we obtain at once

Corollary A. Given a holomorphic current T € I*(ﬁ), such that sptT
has no irreducible components contained in E, U E,, and the expression

T L B defines a normal current in P, with
(3.3d) NTLB)=TL({-2)+TNE, -TNE,,

where T NE, is a holomorphic current supported in E,, i=0, 1.

Note that we use this statement to define the expressions T NE, .

3.4. We turn now to characterizing the last two terms of (3.3d) for
T =PN*(I'). The very last term is easy, using

Lemma. Let M, N be smooth manifolds, and X C M a smooth sub-
manifold. Let f: X — N be a smooth map. Then the conormal bundle
vgraph(f) c T*(M x N) intersects T*M x N transversally.

Proof. We may assume that N = R”. The change of coordinates
(x,y)— (x,y — f(x)) takes graph(f) to graph(zero) and preserves the
vertical foliation and hence also its conormal manifold T*M x N. Thus
we are reduced to the case f = 0, which is trivial. q.e.d.

We may express PN*(I) n E, as follows. Let & denote the pullback
of the bundle P*N — N to P*M x N, so that the total space of & is
P*M x P*N = E, . For each stratum S € % of X, put

§ := o7 (Pv* (graph(f]S)));

thus the sets S , S € %, partition a_l(ul-) . Under the identification
E,~P"M xP'N we have

SNE,=1ng(id,, NHPS.
Applying the last lemma to the f|S, we find that v"graph(f|S) intersects
T*M x N transversally, and therefore Pv*graph(f|S) intersects P*M x N
transversally. It follows that S intersects E, transversally. Furthermore,

by the proof of Proposition 1.6, no irreducible component of the singular
set of PU*S is contained within ]P’ M x N, and therefore no irreducible

component of the singular set of S is contained within E, . Thus the S,
S € ., and the locally defined functions ¢ of Lemma 3.3 satisfy the
hypothesis of the second part of Lemma 0.1. That lemma now gives

, PN'(DNE,= Y nglng (id,, /Pv'S]
(3.42) | e _
= (id,, ;PN (X) x5 [P""" ]
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as a current in P°M x P*N = E_ . In particular,

(3.4b) Mg 5+ (PN() N E,y) L g,) = PN™(X),
and
(3.4c) Tp s BN NE)L g1=0,  i>0.

The current PN (M n E, is less clearly seen, but it will be enough to
characterize it in a general way. Let #. C P be the variety supporting
PN*(I') and let Vl' TR Vs' c P be the irreducible components of 7
We consider the images of the Vl.' under the maps of the commutative
diagram '

POE =P'MxP'N
i
c R PN Ty x‘id
K- Y
P'(M xN)DM xP'N
We claim that the images of the ¥/ in P*N annihilate the contact ideal

i

A of P*N. For it is easily seen that
nyAd=u"AIM x PN = A|]M x P'N,

where A is the contact ideal of P*(M x N). Since each (V) is contained
in the Legendrian variety sptPN™(I') C P*(M x N), we have

1 (AINV))) = dlo(V]) =0,

which implies the claim.

In particular, each of these images has complex dimension < n—1, and
those of dimension n — 1 are, by definition, Legendrian subvarieties of
P'N.Let V,, -, v, c P*N be these images of top dimension; we may

change indices so that ¥, =A(V), i=1,--- ,q. Let w, € H,,_,(P*M)
be the homology class of the generic fiber of the map Vi' -V, i=
1,---, q. Pairing with the canonical form y, pulled back from P*M,
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we compute

e g (PN NETL 70) = Tpe g [Z m V1L yo]
A i=1

(m,--- ,m, €Z)
= Tpr N [Xq: mi[Vi,] L 3’0}
’=(lafter comparing dimensions of the
fibers with degy, = 2m — 2)
Xq;mi(w,- » 7olV]-
i=

By Proposition 1.5A, this Legendrian cycle may be written

,
(3.4d) e ng (BN (D) NE 1L 7) =Y n,PN'(Y))

i=1
for some varieties Y,,--- , Y, C N and integers n,, --- , n,. We have
also
(3.4¢) Mo s [ PN (M NE)L y1=0, i>0.

3.5. We are now in a position to prove (2.2b). We examine first the
most straightforward case & = 0, which nonetheless exhibits all of the
essential features of the computation:

BIPN (T) L BAy, A gyl =80,[BN" (I L BA Y, A g
=0, d[PN" (D) L B Ay, A g,)
= g, [0(PN"(T) L B) Ay, A g}
=0, [PN (D) L (L= 2) Ay A &
+o (PN MNE)L 7, A &)
— 0 (PN (T) N Ey) Ly, A g)-
To compute the first term, note that
C=2)APNg=(CAV)NEG — Vo N(ZA &)
= (-Q+(-1)"d1)A gy — 1y A(—O+ (-1)" dt)
by (2.2¢). Since the projections of PN (') to M and N are proper
subvarieties, it follows that
PN (NLQ=0=PN" ()L O;
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since PN* (T') is a cycle, the first term above becomes
(-1)"a(BN"(T)L 1A gg) + (-1)"™ ' d(BN"(T) Ly, A7) = 8R.
Projecting the second and third terms to M and N yields
750, (BN" (D) N Ep) L 75 A 85) = Tap(Mpe 5 (BN (D) L g5) L 7,)
= 7 (BN (X)L %)
by (3.4b) and
Tnu0 (PN (D) NE) L7 A &) = Ty (Mpr nu(PN™(D) L 70) L &)
=Tyy (Z nPN"(Y) L go)
by (3.4d). Thus we have shown that there is a normal 1-dimensional

current T = &, N#[]PN* oLBA yo'/\ &1, supported on the graph T,
such that 07 = S8, — §; + 07y, yuR, where

T areSo = Tary (PN (D) L 7p),
and ,
TS = Ty, (Z nPN(Y,)L go) )

i=1
This is equivalent to the case kK = 0 of (2.2b).
To prove (2.2b) for k > 0, we will show that if we put

Lk
k *
T =7y (]P’N ML BA ZY,- A gk_,.) ,
i=0 -
then 8T" = S{‘ - S(’; +8R* for some current R*, where
k *
TSy = Ta(PN (X)L 7))

and

r
k *
TSy = Ty (E n,PN (Y)) L gk) .

i=1
Proceeding as above, we compute

k
] []P’N*(l“) LBAY A g,m}
i=0

k
=pN' DL ({-2) /\Zri A8
=0

+o, ((n»ﬁ*(r) NE)LY 7, A gk_l.)
—o, (BN MNEYL Y 7, A8,)-
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In view of (3.4b, ¢, d, €) we may take S{‘ and Sg 1o be the projections to
M x N of the second and third terms, and it only remains to check that
the image of the first term under =z, , is homologous to zero.

Using (2.2a), we find that :

k

C=2)AY 7 AgG ;=D (CAPIAG_;—7(zNg_))

i=0 ;
= Z VANt VN &y
7

+Z¢i/\gk—i_yi/\ Vi
7

for some “horizontal” forms ¢, € & (M), y; € &*(N). The first sum-
mation telescopes to

Y NG+ AE, = (—)"dtA g + (=) Adt,
which is exact. It remains to show that
Tar e [PN (T) L Z((pi Agoi =¥ AN )1=0

Since the forms here are pullbacks from P*M x N or M xP*N via the
projections A: P >P"MxN and u P — MxP'N,itis enough to prove:
Lemma. l#IPN =0, u#]P’N I =0.
Proof. The second relation follows from the dimension count:

< dim sptPN"(y)=m+n—1,

dim,, p(spt PN () < dim X + dimP"" <m +n—1.

To prove the first relation, let x € X be given and let x € S € 5. Put
p=(x, f(x )) € I'. Then the conormal space l/; graph(f}S) at p- inter-

sects {0} x T f( yN nontrivially, namely in the subspace {0} x [ f. (TxS)]l
It follows that the projection of z/; graph(f}S) to T; M x {0} decreases di-

mension, and therefore so does the projection of Pv*graph(f|S)—M xP*N
to P*M x N . Applying this to each stratum, the support theorem gives

APN(T) = A, (PN (D) L (P - (E,UE,)))
= Tge 1 we (PN (D) L P* (M x N)*)
=0. -
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4. Proof of (2.3a)

4.1, The plan is as follows. Let ¢ € N be any given point, and let
d: N — [0, co) be the distance from ¢ in N with respect to some analytic
Hermitian metric. For s > 0, we consider the semianalytic set

I ={(x,y)e MxN:4(y)<s}nl’

and its conormal cycle N*(T",) € I, (S"(M xN)). Let II and P be

the transgression forms

(m+n)—

M:= B Ay, +(-1)"'z,
Pi=bAagy+(-1)""t

on $*M and S*N respectively. Pulling these back to S*(M x N)° via the
projections of this space to S*M and S*N, II and P may be regarded
as singular forms on S*(M x N). We will prove that the expression

(4.1a) N'(T,)LPATI

defines a normal current of dimension 1 in S$*(M x N), with
(4.1b) SIN"(T,)LPAI]=%, —%,,

where the O-currents (i.e. measures) X, satisfy

Tprady = nM#(N*(XS) L II),

Ty = My (i niN*(Yi,s) (. P) .

i=1

(4.1¢c)

Here we have defined
X,:=f67"0,5], Y, :=Y,né[0,s).

In particular the signed measures of (4.1c) have the same total measure.
Then Theorem 1.3% and the Gauss-Bonnet Theorem 1.2 give for small
s>0

27 (9) = x(X) = N" (X)) = m,,,%0(X,) = 1y, (57 [0, s))
r n r
=2 mN'(Y, )P =) _nx(Y, )= nly(q)
=1 i=1 i=1
Thus we are reduced to proving (4.1b) and (4.1c).

4.2. That (4.1a) defines a normal current follows from a blowing up
construction and generalities about compact semianalytic sets. Let S be
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the real oriented blowup of S*(M x N) over the canonically embedded
copies of S*M x N and M x S*N. Then we have the commutative
diagram:

S*M —— S*(M xN) —— S*N
Locally, S*(Mx N) isjust RZ"* 2" x §>™+2"~1 ‘and § = R*™ " x (§*" ' x
§2"=1 % [0, 11), with the projection @: S — S*(M x N) induced by the

map

S2m—l « S2n—1 « [0 l] - S2m+2n—1

(X5 o 5 X3 Vst s Vs B) ‘
2 2,-1/2 .
(A =07) T (txy, e (L=, o, (L= 8yy,)-
It is clear that S is a real analytic manifold with boundary, where aSs is

analytically diffeomorphic to two copies of S*M x.S*N via the projections
of (4.2a). These boundary components may be identified as

F,:=5 ("M xN), F :=¢ (M xS"N).

By results of _ Hardt [13], the compact semianalytic subset
7! (sptN*(T,)) C S has finite (2m + 2n — 1)-dimensional Hausdorff mea-
sure (with respect to any Riemannian metric on §) . Assigning multiplic-
ities appropriately, it follows that there is a unique semianalytic integral
current N*(I')) € I,,, ., (S) such that

,N'T,)=N"T,), N (T)La8S=0,
and 5 5
sptdN"(T,) S = F,UF,.
Since the pullbacks to S of II of P are smooth forms, we find that
(4.2b) N'T)LTIIAP =0, N"(T,)LIIAP)
is a well-defined normal current. Moreover,
(4.20 AN'T,)LI) =8N (T)LON ()L Q
.2c ~
=N (T,)L I
since, for any ¢ € 2*(S),
(N'T)L Q)(p) = N'(T)QA9)
= 7, (N (T) L 9)(©)
=0
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in view of the fact that X = x,,(T) is a proper subvariety of A/ . Similarly,
(4.2d) (N (T)L P)= éﬁ*(rs) LP
and so putting, for 0 < s 5 o0,
N"T)NF,:=8N"(T,) L F,
N'(T,)nF,:=aN"(T,)L F,
we have , ,
| H(NT)LTAP) =[N (T)NF, + N (T)NF]L_TAP
(4.2¢) =(N'T)nF)LIMLP
—~((N"T,)nF)L P)LIL
Since (N*(T)NF)LQ=0=(N"(T)NF)L O, the currents (N*(T,)n

F)LII and (N* (T,)NFy L P are closed. We will use the Proposmon
1. 3C with ¢ =dom,, to estabhsh for small s that .

T (N (F)nF)l_P)_N (X,),

(4.21) nS.N#((N )NF)LI) = En NY(Y; )
Takmg :

| Fy=7 M_XN,;((JY*(FS) NF)L PATI),

3 =7 (N T)NF)LIIAP),

we thus prove (4.1b, c)

4.3. Put I"0 = 7:2 ~Y0, s)nT, and define X Yi similarly. Since
conormal cycles are locally determined, to show that the currents of (4.21)
agree over X0 . and |J; Y. it is enough to prove

Mg #[(N (M) N F)L Pl=N"(X),
(4.3a) r
eyl (NT(M)NF) L] = EnN (Y)).
To this end, let 4 and u denote the compositions
LSS SMxS'NoPMxS'N,
£:S—S*MxSN—SMxPN.
Lemma. AN"(T)=0, uN* ()=
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Proof Given x € § € %7, observe that the full conormal space
V(’; 70 graph(f]S) contains as a direct summand the complex vector space
v}Sx {0} . Then the projection of S*(Mx N)° into P*M xS*N decreases
the dimension of the conormal ray bundle of graph(f|S). Applying this
to each stratum and using the support theorem we obtain
AeN™ (D) = A,(N"(T) L (S - (F, U F))))
= Tpeprxs eV (1) L S™(M x N)°)
=0.
The second relation has a similar proof.

Since 7 and ¢ are pullback from P*AM and P*N respectively, it follows
that

(4.3b) Mg p(N (D)L £) =0, oo e (N (T L 7) =0.

Thus we are reduced to proving (4.3a) with P and II replaced by b A g,
and SAy,. '
Since f is smooth in the neighborhood of F, we have
BN"T)LbAg)La(F)=0N"(I)L (b—B)Ag,) LT(F,)
- O(N"T)L BAg,) LT(F,) by (3.22)
~O((PN"(T) x4 [S') L B A g) L G(F,)
(where # is the Hopf bundle S*(M x N) — P*(M x N))
| = —[8(®N"(T)L B A gy) %, [S'TIL T(F,)
= —[B(PN*T)L BAg) L a(E)] x4 [S']:

The restriction # to o(E;) = P°M x N is identical to the pullback of
the Hopf bundle S*M — P*M , which we denote by 7#; - Therefore, using
(3.3d) and (3.4b) we obtain the image of this current in S*M :

g aul(N (D) L b A gy) L G(F,)
= —{7pe 40BN (D)L B A gy) L a(EQ)l} x4, [S']
=PN"(X) x4 [S']= N"(X),

which is the first relation of (4.3a). A similar computation by (3.4d) in
place of (3.4b) gives the second relation. _

44. To complete the proof, we may suppose that the stratification
& of X is such that the family {f(S): S € ¥} constitutes a Whitney
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stratification of f(x). In particular, each restriction f|S, § € ., has
constant rank. By Proposition 1.3b, we have

sptﬁ*(l"s) n 7:2_15—1(5‘)
c €. neT" MxN)=2T " MxT"N: (&, v)+(n, f,v) <0
Se&
for all v € Tan(SN 1~ (B(q, 5)), m, (€N},
whence
SPt g (N (TN )L P11 f 7167 (s)
C Mg g (SPLN*(T) N (S M x N)) 1 f 167 (s)
cJleSM:n, & esnsf67Ns), €,v)<0
Se&
for all v € Tan(S N f~'67'0, s, 7,,()},

and the first part of (4.2f) follows from the Corollary to Proposition 1.3C.
Meanwhile,

sptag. o (N*(T,) N F) LN (s)
C Rgep (SPLN"(T) N (M x S*N) N6~ (s)
c eSS Ninym) ed ()N f(S), (n,w) <0
Ses
for all w € f*Tan(Sﬁf_lé_l[O, s], x), xe f—lnN(n)}.
Furthermore, the hypothesis on %’ implies that
£ Tan(Sn £7'6710, s], x) = Tan(f(S) N[0, 51, f(x))

for each x € S ﬁf—lé—l(s) and each S € .%. Hence the second part of
(4.2f) follows from Proposition 1.3C.

5. Concluding remarks

The construction of MacPherson is founded on his definition of the
“local Euler obstruction” Eup(V) of a point p in a variety V. The ap-
proach of the present article suggests a geometric expression for Eup(V)
as follows. We may suppose that V is a subvariety of C". Let K, de-
note the pullback to S*C" = C" x $**"! of the volume form on $**~!
(vol(§**~!) = 1) . It then appears that

(5a)  Eu,(V)=lm(N'(VnB@, )LV NS, £)xy),
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where ¥ is the smooth locus of V,and B(p,e¢),S(p,€) are, respec-
tively, the closed ball of radius & about p and its boundary sphere. In
other words, Fu p(V) should in the limit be equal to the “Gauss curva-
ture” of ¥ N B(p, ¢) within ¥° N S(p, €). In what follows we give two
loosely connected remarks supporting this assertion.

5.1. Let k+1:=dimV . For each ¢ > 0, there is a complex k-plane
bundle %, over V°NS(p, &) with fiber over x equalto 7,V N(p —x)L
where 1 is computed via the Hermitian inner product. Of course there
is a natural map of this bundle to the tautological bundle .~ over the
Grassmannian G(n, k); let ¢, (%,) denote the pullback to ¥°NS(p, ¢)
of the kth Chern form ¢, (J). A formula of Loeser [15] asserts that

. 1 ¢ 2
(5b)  Eu,(V)= ll_l"ré T Vonsip.e (BN (d+d)loglz —p|".

The connection with formula (5a) may be made via the following for-
mula for ¢, (97). Let & denote the (2n — 2k — 1)-sphere bundle over
G(n, k) with fiber $**"'n A" over i€ G(n, k) and the total space E,.

Let t: Eg — 71 be the tautological map, and let =, be fiber integration
in . Then
(5¢) &) =nt K,

5.2. The construction of MacPherson proceeds by defining an auto-
morphism 7T of the free abelian group generated by the strata of the given
singular vartety X , and using the local Euler obstruction. The characteris-
tic homology classes can then be obtained by weighting curvature integrals
over the strata.of X according to a recipe involving ! {cf. Shifrin
[19]). The use of the inverse corresponds in our picture to the condition
(peX):

1=1limy(X N B, e))

>

= lim N (X N B(p, &))(x,)

= (N"(X) L 27 (9))(x,)
+Lm(N (X N B(p, £) L S, £))(x)

= (N"(X)L 2™ (9))(xo)
+ Y Im(N (X 0B, £) L (S, &) N 8))(x,)
Ses e
=n,+ Z nsEup(E) ,
ses
if we use (5a), where . is a Whitney stratification of X containing the
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singleton {p}, and
N*(Xx) =Y _nN"(S).
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